In this paper, we studied the combined effect of concave and convex nonlinearities on the number of positive solutions for a semilinear elliptic system. We prove the existence of at least four positive solutions for a semilinear elliptic system involving concave and convex nonlinearities by using the Nehari manifold and the center mass function.
Introduction
Semilinear scalar elliptic equations with concave and convex nonlinearities are widely studied; we refer the readers to [2, 3, 7, 13, 14, 21] etc.. For the semilinear elliptic systems, we refer to Ahammou [1, 5, 6, 9, 12, 15, 17, 19] . The model type is written as follows: (2) When h ≡ g ≡ 1, Eq. (1) can be regarded as a The number of positive solutions of Eq. (3) is affected by the shape of the domain , which has been the focus of a great deal of research in recent years. For example, we quote the works of Byeon [8] , Dancer [10] , Damascelli, L.et al [11] and Wu [22] .
Considering the multiplicity of positive solutions to problem Eq. (1), we extended this method in this paper. We consider the Sobolev spaces with respect to the norm where, is a standard norm in . Since our approach is variational, we define the functional by Let and −Δu  u    1u for some t′ > 0. In our work, we research the critical points as the minimizers of the energy functional associated with the problem Eq. (1) on the constraint defined by the Nehari manifold, which are solutions of our system.
Theorem
1 Assume that and . For each t > t₀, there exists Λ  0, so the problem Eq. (1) has at least four positive solutions for all This paper is organized as follows: in the Section 2, we give some preliminaries; while Section 3 is devoted to the proof of theorem 1. (6) by Eq. (6) and the Sobolev embedding, we have (7) by Eq.(6) and the Holder inequality, we obtain (8) From Eqs. (7) and (8) Then, for each (0, 1), we have Thus, by (i) and Lemma 3 (i), we obtain (ii).
Preliminaries

Nehari Manifold
  N |u | 1 |v| 1 dx 2/p1 C , 1  p      1  2 * − 1. C , : 1 1 1 /p1   1 1 −1 /p1  C , 1 1 1 /p1   1 1 −1 /p1  K, .  ≠ 0   0 z  x, y ∈ R N−1  R R N−1 N-ball B N S l,t B N z 0 , r  z ∈ R N / |z − z 0 |  r ; S  x, y ∈ R N / x ∈ O ; S l,t  x, y ∈ R N / l  y  t . S −t,t Θ t  S −t,t \ , R N  ⊂⊂ S −t ′ ,t ′ N ≥ 3, 1  p      1  2 * − 1 0 ≤ q   ′   ′  1  1  ∈ 0, . M    u, v  ∈ H\0, 0 / I  ′ u, v , u, v   0   u, v   I  ′ u, v , u, v   ‖u, v ‖ 2 − p  1   u 1 v 1 dx −  q  1   u  ′ 1 v  ′ 1 dx u, v  ∈ M     ′ u, v , u, v   2‖u, v ‖ 2 − p  1 2   u 1 v 1 dx − q  1 2   u  ′ 1 v  ′ 1 dx  1 − p‖u, v ‖ 2 − q − p1  q   u  ′ 1 v  ′ 1 dx  1 − q‖u, v ‖ 2 − p  1p − q   u 1 v 1 dx. M   M     u, v  ∈ M   :   ′ u, v , u, v   0 M  0   u, v  ∈ M   :   ′ u, v , u, v   0 M  −   u, v  ∈ M   :   ′ u, v , u, v   0 I  H I  H M    0 : p−1  p−q q1  1−q  p−q p1  1−q p−1 K, C ,  1−qp1 2p−1 || p1 2p−1  1q 1−q || . M  0   ∅  ∈ 0,  0 . M  0  ≠ ∅. M  0 ‖u, v ‖ 2  p − qq  1/p − 1   u  ′ 1 v  ′ 1 dx  p  1p − q/1 − q   u 1 v 1 dx ‖u, v ‖ ≤ 1−q  p−q p1  1/p−1  K, C ,  p1 /2p−1  || p1 2p−1 ‖u, v ‖ ≥  1/1−q  p−1  p−q q1  1/q−1  || 1−q 1q  ≥  0  ∈ 0,  0  M    M     M  −   ∈ 0,  0     inf u,v∈M I  ,     inf u,v∈M    I   and   −  inf u,v∈M  −  I  . M   I  I  on M    ∈ 0,  0  I  H\0, 0 t m : t max u, v   1−q ‖u,v‖ 1−q p1 p−q    u 1 v 1 dx 1/p−1   1 : 2aq bq−p  −q12q1 pq − b 2aq bq−p  q1p−q−1 pq || p−qp1 1q a : t m  1−q  b : p  1t m  p−q  K, C ,  −p1 /2  ∈ 0,  1  t m t − u, t − v  ∈ M  −  I  t − u, t − v   max t≥t m I  tu, tv  M  −   u, v  ∈ H\0, 0 / 1 ‖u,v‖ t − u,v ‖u,v‖  1 t m t  u, t  v  ∈ M    I  t  u, t  v   min 0≤t≤t − I  tu, tv  I 0 c u, v   1/2‖u, v ‖ 2 −   cu 1 v 1 dx M 0 c   u, v  ∈ H\0, 0 / I 0 c  ′ u, v , u, v   0 M 0   u, v  ∈ H\0, 0 / I 0  ′ u, v , u, v   0 I 0 c M  −  S u,v S u,v u, v  ∈ M 0  M  −  S c u, v  S c u, v u, v  ∈ M 0 c  max t≥0 I 0 c tu, tv   I 0 c S c u, v u, v   1/2‖u, v ‖ 2 − ‖u, v ‖ 2−p  ‖u, v ‖ p1   cu 1 v 1 dx 2/p−1 ; I  u, v  ≥ 1 −  p1 p−1 I 0 S u,v u, v  −  1 − q 2q  1  q1 q−1
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Existence Result
Existence of a Local Mminimum in
Lemma 5 
Thus, is coercive and bounded from below on for all . Now, we establish the existence of a local minimum.
Theorem 2 Let
, for
, the functional has an unique minimizer which satisfies
(ii) is positive solution of Eq. (1); (iii) goes to 0 as tends to 0.
Proof there exists a minimizing sequence such that as n tends to . By Lemma 5 and the compact imbedding theorem, there exists a subsequence still denoted by 
Existence of Two Positive Solutions in
In this section, we consider the filtration of and we will prove that Eq. (1) has two positive solutions for sufficiently small in .
For that, we need the following notations.
and For positive number , let
Lemma 6 There exists ,t₀ > 0 such that for t > t₀, we have Proof Similar as in [21] . Furthermore, Eq. (1) has two positive solutions such that and
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Since , we can choose a positive number such that
. Moreover, we consider the filtration of the manofold as follows:
Then we have the following result. (8) and (9) we obtain Thus, (12) Next, we prove that there exists two positive numbers l₀ and such that for ∈(0, ), 
Lemma 7 Let as in
, we have Thus, (u, v) .
To complete the proof of Lemma 9, it remains to be shown that Suppose that there exists (u₀, v₀) such that It implies which is a contradiction. Now, we have the following result Lemma 10 are closed.
Proof We only need to prove the case "+". Supposing that (u₀, v₀) is a limit point of . 
Conclusions
Drawing on the work of Wu (22) , this work shows that there exists at least four positive solutions to our system, and by splitting twice in the Nehari manifold:
in which and which provides a positive solution first in in which and provides two positive solutions. In the end, using the compact imbedding theorem, the Holder inequality and the maximum principle, we prove the existence of a fourth positive solution in , so we can continue this subdivision, for example , to find other positive solutions.
